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Relying upon the equivalence between a gauge theory for the translation group and general relativity,
a teleparallel version of the original Kaluza-Klein theory is developed. In this model, only the internal
space (fiber) turns out to be five dimensional, spacetime being kept always four dimensional. A
five-dimensional translational gauge theory is obtained which unifies, in the sense of Kaluza-Klein
theories, gravitational and electromagnetic interactions.
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I. INTRODUCTION
In ordinary Kaluza-Klein theories [1], the geometrical
approach of general relativity is adopted as the paradigm
for the description of all other interactions of nature.
In the original Kaluza-Klein theory, for example, grav-
itational and electromagnetic fields are described by a
Hilbert-Einstein Lagrangian in a five-dimensional space-
time. On the other hand, it has already been shown that,
at least macroscopically, general relativity is equivalent
to a gauge theory for the translation group [2]. In this
theory, known as the teleparallel equivalent of general rel-
ativity [3], the fundamental field is the Cartan connection,
a connection presenting torsion, but no curvature. This
equivalence gives rise to new perspectives for the study
of unified theories. In fact, instead of using the geomet-
rical description of general relativity, we can adopt the
gauge description as the basic paradigm, and in this way
construct what we call the teleparallel equivalent of the
Kaluza-Klein theory. According to this approach, both
gravitational and electromagnetic fields turn out to be
described by a gauge-type Lagrangian. Such a construc-
tion will be the main purpose of this paper, which is orga-
nized as follows. In Sec. II, the teleparallel version of the
Kaluza-Klein model is introduced, and its main features
described. The coupling of a general matter field with
gravitational and electromagnetic fields is studied in Sec.
III, and finally, in Sec. IV, we draw the conclusions of
the paper.
II. TELEPARALLEL KALUZA-KLEIN MODEL
We denote by xµ(µ, ν, ρ, ... = 0, 1, 2, 3) the coordinates
of spacetime (base space), and by xa(a, b, c, ... = 0, 1, 2, 3)
the coordinates of the tangent space (fiber), assumed to
be a Minkowski space with the metric
ηab = diag(+1,−1,−1,−1). (1)
The tangent space indices, therefore, are raised and low-
ered with the Lorentzian metric ηab, while the spacetime
indices are raised and lowered with the Riemannian met-
ric gµν = ηabh
a
µ h
b
ν , where
haµ = ∂µx
a + c−2Aaµ (2)
is a nontrivial tetrad field, with c the speed of light and
Aaµ the gravitational gauge potential. The presence of a
nontrivial tetrad field induces on spacetime a teleparallel
structure which is directly related to the presence of the
gravitational field. In fact, given a nontrivial tetrad haµ,
the Cartan connection
Γρµν = ha
ρ∂νh
a
µ (3)
can be defined, which is a connection presenting torsion,
but no curvature, and which defines a teleparallel struc-
ture in spacetime [4].
In the framework of the teleparallel description of grav-
itation, the action describing a particle of mass m and
charge e submitted to both an electromagnetic (Aµ) and
a gravitational (Aaµ) field is [5,6]
S =
∫ b
a
[
−mcdσ −
m
c
Aaµ ua dx
µ
−
e
c
Aµ dx
µ
]
, (4)
where dσ = (ηabdx
adxb)1/2 is the invariant tangent-space
interval, and ua = dxa/dσ. The corresponding equation
of motion is
c2haρ
dua
ds
= F aρµuau
µ +
e
m
Fρµu
µ, (5)
where ds = (gµνdx
µdxν)1/2 is the invariant spacetime
interval, F aµν and Fµν are respectively the gravitational
and the electromagnetic field strengths, and uµ = dxµ/ds
is the spacetime four velocity. The gravitational field
strength satisfies the relation F aµν = c
2haρT
ρ
µν , with
T ρµν = Γ
ρ
νµ − Γ
ρ
µν (6)
1
the torsion of the Cartan connection.
Now, inspired by the similarity between the gravita-
tional and the electromagnetic interactions, we choose
the U(1) gauge index of the electromagnetic theory to be
“5”, which allows us to define a unified gauge potential
by
A
A
µ =
(
Aaµ, A
5
µ
)
,
where A5µ = κ
−1(e/m)Aµ, with κ a dimensionless pa-
rameter to be determined later. Accordingly, we can de-
fine a unified field strength,
F
A
µν =
(
F aµν , F
5
µν
)
,
with F 5µν = κ
−1(e/m)Fµν . In terms of the potential
AAµ, therefore, the field strength is
F
A
µν = ∂µA
A
ν − ∂νA
A
µ. (7)
Implicit in the above definitions is the introduction of
an internal five-dimensional spaceM5, given by the prod-
uct between the Minkowski space M4 and the circle S1:
M5 = M4 ⊗ S1. A point in this space is determined by
the coordinates xA = (xa, x5), where xa are the coordi-
nates of M4, and x5 = κ−1(e/m)x the coordinate of S1.
A five-velocity uA = (ua, u5) can consequently be defined
by
uA =
dxA
dσ
. (8)
The components ua form the usual tangent-space four-
velocity, which is related to the spacetime four-velocity
uµ by ua = haµu
µ, and u5 is a strictly internal compo-
nent whose value will be determined by the unification
process.
With the above definitions, and denoting by η55 the
fifth component of the internal-space metric, if the con-
ditions u5 = −κ and η55 = −1 are satisfied, the action
(4) can be rewritten in the form
S =
∫ b
a
[
−m c dσ −
m
c
A
A
µ u
B ηAB dx
µ
]
. (9)
Accordingly, the equation of motion (5) becomes
c2haρ
dua
ds
= FAρµ u
B uµ ηAB. (10)
The trajectory of a charged particle submitted to both
an electromagnetic and a gravitational field, therefore, is
described by a Lorentz-type force equation. Furthermore,
differently from curvature, we see that torsion acts on
particles in the same way the electromagnetic field acts
on charges, that is, as a force.
It is important to notice that, alternatively, we could
have chosen u5 = κ and η55 = 1, which would lead to the
same action integral, and consequently to the same equa-
tion of motion. As we will see, this choice corresponds
to another metric convention for the internal space. In
principle, both conventions are possible. However, the
unification process will introduce a constraint according
to which the choice of η55 will depend on the metric con-
vention adopted for the tangent Minkowski space.
In a gauge theory for the translation group, the gauge
transformation is defined as a local translation of the
tangent-space coordinates,
δxa = δαbPbx
a, (11)
with Pb = ∂/∂x
b the generators, and δαb the correspond-
ing infinitesimal parameters. In a unified teleparallel
Kaluza-Klein model, a general gauge transformation is
represented by a translation of the five-dimensional in-
ternal space coordinates xA,
δxA = δαB PB x
A, (12)
where PB = ∂/∂x
B are the group generators, and
δαB(xµ) ≡ δαB =
(
δαa, δα5
)
are the transformation parameters. Analogously to the
gauge potentials, we take δα5 = κ−1(e/m)δα. Further-
more, in the same way as in ordinary Kaluza-Klein mod-
els, we assume the gauge potentials AAµ, and conse-
quently the tetrad haµ and also the metric tensor gµν ,
not to depend on the coordinate x5.
The gauge gravitational field Lagrangian is [6]
LG =
h
16piG
(
1
4
F aµνF
b
θρg
µθNab
νρ
)
, (13)
where h = det(haµ), and due to the presence of a tetrad
field, we must have
Nab
νρ = ηab hc
ν hcρ + 2 ha
ρ hb
ν
− 4 ha
ν hb
ρ. (14)
The unified Lagrangian, therefore, can be written in the
form
L =
h
16piG
(
1
4
F
A
µνF
B
θρg
µθNAB
νρ
)
. (15)
As no tetrad exists in the electromagnetic sector,
N55
νρ = η55hc
ν hcρ. (16)
Thus, the Lagrangian (15) becomes
L =
hc4
16piG
Sρµν Tρµν + η55
κ−2e2
16piGm2
[
h
4
FµνF
µν
]
, (17)
where
Sρµν = 1
2
[
Kµνρ − gρν T θµθ + g
ρµ T θνθ
]
= −Sρνµ,
2
with Kµνρ the contorsion tensor.
The first term of L is the gauge gravitational La-
grangian, which is equivalent to the Hilbert-Einstein La-
grangian of general relativity. In order the get Maxwell’s
Lagrangian from the second term, two conditions must
be satisfied. First, it is necessary that
κ2 =
e2
16piGm2
, (18)
from where we see that κ2 turns out to be proportional
to the ratio between electric and gravitational forces [7].
Second, in order to have a positive-definite energy for
the electromagnetic field, and to get the appropriate rel-
ative sign between the gravitational and electromagnetic
Lagrangians, it is necessary that η55 = −1. With these
conditions, the Lagrangian (17) becomes
L ≡ h (LG + LEM ) =
hc4
16piG
Sρµν Tρµν −
h
4
FµνF
µν .
That the Maxwell Lagrangian in four dimensions shows
up from the Hilbert-Einstein Lagrangian in five dimen-
sions is usually considered as a miracle of the standard
Kaluza-Klein theory [8]. That the Hilbert-Einstein La-
grangian of general relativity shows up from a Maxwell-
type Lagrangian for a five-dimensional translation gauge
theory can be considered as the other face of the same
miracle.
The functional variation of L in relation to Aaµ leads
to the field equation
∂σ(hSλ
στ )−
4piG
c4
(htλ
τ ) =
4piG
c4
(hθλ
τ ), (19)
where
tλ
τ =
c4
4piG
ΓµνλSµ
ντ + δλ
τLG (20)
is the canonical energy-momentum (pseudo) tensor of the
gravitational field, and
θλ
τ
≡ haλ
[
−
1
h
δLEM
δhaτ
]
= FλνF
τν
− δλ
τLEM (21)
is the energy-momentum tensor of the electromagnetic
field. On the other hand, the functional variation of L in
relation to Aµ yields the teleparallel version of Maxwell’s
equation [9].
An interesting point that deserves to be mentioned
is that since we have chosen (1) as the metric of
the Minkowski space, the resulting metric of the five-
dimensional internal space will be
ηAB = diag(+1,−1,−1,−1,−1). (22)
This means that the fifth dimension must necessarily
be spacelike, and the metric with signature (3, 2) is ex-
cluded. On the other hand, if we had chosen η˜ab =
diag(−1, 1, 1, 1) for the Minkowski space, it is easy to
verify that we should have η55 = 1. The resulting metric
of the five-dimensional internal space would be
η˜AB = diag(−1,+1,+1,+1,+1), (23)
and the same conclusion would be obtained: the fifth
dimension must necessarily be spacelike, and the met-
ric with signature (3, 2) is excluded. The unification
of the gravitational and electromagnetic Lagrangians,
therefore, imposes a constraint on the metric conventions
for Minkowski and for the electromagnetic internal man-
ifold S1. In fact, the choice between η55 = +1 and η55 =
−1 for the Killing metric of the U(1) group depends on
the metric convention adopted for the Minkowski space.
As a consequence, the metric of the five-dimensional in-
ternal space turns out to be restricted to either Eq. (22)
or (23). Metrics with signature (3, 2), which would imply
a time-like fifth dimension, are excluded.
III. MATTER FIELDS
Let us consider now a matter field Ψ. In contrast to
the gauge fields, it depends on the coordinate x5:
Ψ = Ψ(xµ, x5) .
Under a generalized gauge translation, it behaves as
δΨ = δαA PAΨ. (24)
Its covariant derivative, consequently, is
DµΨ = ∂µΨ+ c
−2
A
A
µPAΨ, (25)
with the gauge transformation of AAµ given by
δABρ = −c
2∂ρδα
B . (26)
Separating the gravitational and electromagnetic compo-
nents, we obtain
DµΨ = ∂µΨ+ c
−2AaµPaΨ+ κ
−1
e
mc2
Aµ P5Ψ . (27)
Now, as x5 is the coordinate of the internal manifold
S1, we assume
Ψ(xµ, x5) = exp
[
i κ
2pi
λC
x5
]
ψ(xµ) , (28)
with λC = (h/mc) the Compton wavelength of the par-
ticle under consideration. Consequently, a translation in
the coordinate x5 turns out to be a U(1) gauge trans-
formation, and a translation in the coordinates xa turns
out to be a gauge transformation related to the transla-
tion group T 4. For a simultaneous translation in the five
coordinates xA, we see from Eq. (24) that
3
δΨ = δαa ∂aΨ+ δα
(
iec
h¯
)
Ψ. (29)
The corresponding minimal couplings are given by the
covariant derivative
DµΨ = h
a
µ ∂aΨ+
ie
h¯c
AµΨ. (30)
By defining Aa = ha
µAµ, we can rewrite Eq. (30) in the
form
DµΨ = h
a
µDaΨ, (31)
with DaΨ the electromagnetic covariant derivative in
Minkowski space. As usual, the commutator of covariant
derivatives yields the field strength:
[Dµ, Dν ]Ψ = c
−2
F
A
µνPAΨ = c
−2F aµνPaΨ+
ie
h¯c
FµνΨ.
IV. CONCLUSIONS
By replacing the general relativity paradigm with a
gauge paradigm, a five-dimensional Maxwell-type trans-
lational gauge theory on a four-dimensional spacetime
has been constructed. In this theory, gravitation is at-
tributed to torsion, and the electromagnetic field str-
ength appears as the fifth gauge-component of the torsion
tensor. Because of the fact that torsion, like the electro-
magnetic field, plays the role of a force, the unification
in this approach seems to be much more natural than in
ordinary Kaluza-Klein theories.
An important feature of this model is that no scalar
field is generated by the unification process. Accordingly,
no unphysical constraints appear, and the gravitational
action can naturally be truncated at the zero mode. Fur-
thermore, the cylindric condition can also be naturally
imposed for matter fields, which corresponds to keep only
the n = 1 mode in their Fourier expansions. Conse-
quently, the infinite spectrum of massive new particles is
eliminated, strongly reducing the redundancy present in
ordinary Kaluza-Klein theories. A similar achievement
has been obtained recently by a modified Kaluza-Klein
theory in which the internal coordinates are replaced by
generators of a noncommutative algebra [10]. In this
model, no truncation to eliminate extraneous modes is
necessary as only a finite number of modes is present.
Concerning this point, the teleparallel version of Kaluza-
Klein seems to be much more appropriate to deal with
models involving noncommutative geometry. In fact, as
the spacetime underlying such a model is a spacetime
presenting torsion, but no curvature, the usual difficulty
for defining curvature [11], and consequently for choosing
the action functional [12], is avoided.
The generalization to non-Abelian gauge theories a-
mounts to introduce a 4+N dimensional internal space,
formed by the product between the Minkowski space
and a compact Riemannian manifold. As in the elec-
tromagnetic case, the teleparallel unification turns out
to be much more natural than in ordinary Kaluza-Klein
models since both gravitational and Yang-Mills fields
are described by a gauge theory, the Yang-Mills field
strength appearing as extra gauge-components of tor-
sion. In other words, the gravitational and the gauge
field strengths are different components of a unique ten-
sor. Another important point concerns the relation be-
tween geometry and gauge theories. According to ordi-
nary Kaluza-Klein models, gauge theories emerge from
higher-dimensional geometric theories as a consequence
of the dimensional reduction process. According to our
approach, however, gauge theories are the natural struc-
tures to be introduced, the four-dimensional geometry
(gravitation) emerging from the noncompact sector of the
internal space. In fact, only this sector can give rise to
a tetrad field, which is responsible for the geometrical
structure (either metric or teleparallel) induced in space-
time. Furthermore, as the gauge theories are introduced
in their original form — they do not come from geome-
try — the unification, though not trivial, turns out to be
much more natural and easier to be performed.
Finally, it should be mentioned that several different
Kaluza-Klein models in spacetimes with torsion have al-
ready been considered. However, most of them are con-
structed on a five-dimensional spacetime, and are con-
sequently completely different from the model presented
here [13].
ACKNOWLEDGMENTS
The authors would like to thank FAPESP-Brazil,
CAPES-Brazil and CNPq-Brazil for financial support.
[1] The basic references to Kaluza-Klein theories can be
found in T. Appelquist, A. Chodos and P. G. O. Freund,
Modern Kaluza-Klein Theories (Addison-Wesley, Read-
ing, 1987); a more recent overview is: J. M. Overduin
and P. S. Wesson, Phys. Rep. 283, 303 (1997).
[2] K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524
(1979); for a recent discussion on the application of a
gauge principle for gravity, see: F. Wilczek, Phys. Rev.
Lett. 80, 4851 (1998).
[3] J. W. Maluf, J. Math. Phys. 35, 335 (1994).
[4] R. Aldrovandi and J. G. Pereira, An Introduction to Ge-
ometrical Physics (World Scientific, Singapore, 1995).
[5] L. D. Landau and E. M. Lifshitz, The Classical Theory
of Fields (Pergamon, Oxford, 1975).
4
[6] V. C. de Andrade and J. G. Pereira, Phys. Rev D 56,
4689 (1998).
[7] See, for example: J. V. Narlikar, Introduction to Cosmol-
ogy (Cambridge University Press, Cambridge, 1995).
[8] A. Chodos, Comments Nucl. Part. Phys. 13, 171 (1984).
[9] V. C. de Andrade and J. G. Pereira, Int. J. Mod. Phys.
D 8, 141 (1999).
[10] J. Madore and J. Mourad, Noncommutative Kaluza-
Klein Theory, Lecture given at the 5th Hellenic School
and Workshop on Elementary Particle Physics (hep-
th/9601169).
[11] M. Dubois-Violette, J. Madore, T. Masson and J. Mou-
rad, J. Math. Phys. 37, 4089 (1996).
[12] A. Connes, Commun. Math. Phys. 117, 673 (1988).
[13] C. Kohler, Einstein-Cartan-Maxwell Theory with Scalar
Field through a Five-Dimensional Unification (gr-qc/98
08004) and references therein; for an approach closely
related to the one presented here, see M. Toussaint, A
Gauge Theoretical View of the Charge Concept in Ein-
stein Gravity (gr-qc/9907024).
5
